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Abstract—The DNA microarray may contain miss-
ing expression data. Estimation of missing values is
a necessary step in microarray analysis, because data
mining procedures require a complete expression as
their input. In this paper, we propose a missing data
estimation algorithm, named KPCAimpute, based on
kernel principal component analysis. We consider a
family of heavy-tailed kernel functions, which is a
generalization of the famous Gaussian kernel. The per-
formance of the proposed KPCAimpute algorithm is
compared with two state-of-the-art linear regression
methods, i.e., Bayesian principal component analysis
imputation (BPCA) and local least squares imputation
(LLSimpute). The KPCAimpute outperforms the LL-
Simpute when the missing percentage increases. The
performance of the KPCAimpute is similar to that of
the BPCA imputation. Therefore, it is an effective and
promising algorithm in estimating missing values for
DNA microarray profiles.

I. Introduction

The study of high throughput DNA microarray expres-
sion [1] has become an increasingly active research area in
bioinformatics, due to the extensive usage of microarrays
in biological and clinical applications. Microarray data is
generated from a DNA experiment which may contain
missing values. Most data mining algorithms such as
hierarchical clustering require a complete gene expression
as their input. Therefore, the estimation of missing values,
also known as data imputation, is a key step in the whole
microarray data analysis procedure.

In microarray data imputation literature, linear regres-
sion has been used. The K-nearest neighbors imputation
(KNNimpute) [2] and sigular value decompostion imputa-
tion (SVDimpute) [2] are two typical examples. Recently
developed techniques include local least squares imputa-
tion (LLSimpute) [3] and Bayesian principal component
analysis imputation (BPCA) [4]. LLSimpute uses the K
nearest neighbors as the regressors. Regression coefficients
are determined in the least squares sense. The BPCA
imputation employs eigen samples as the linear regres-
sors, whose presence is governed by corresponding hyper-
parameters in a Bayesian hierarchical framework.

Kernel principal component analysis (kernel PCA) [5]
is a generalization of standard PCA. It effectively exploits
the “kernel trick” to find the features of observation data.

In kernel PCA regression, the regressors are not the ob-
servation data in the input space, but a nonlinear map-
ping of the observation data into the feature space. The
regressors are thus called the features of the observation
data. However, the nonlinear mapping is often unknown
in practice. To avoid this difficulty, a kernel function is
defined in the input space. As such, a kernel matrix can be
generated, of which each element is defined by the kernel
function. The standard PCA is performed on the kernel
matrix such that the principal components of the features
are first determined. They can be used as the regressors.
Kernel PCA has been recently used in DNA microarray
analysis, for example, in applications of gene expression
data classification [6] and clustering [7] problems.

In this paper we study the kernel PCA method in
DNA microarray missing data estimation and propose the
KPCAimpute algorithm. In section II, after a brief review
of LLSimpute and BPCA, we present the KPCAimpute
method. In section III, we present simulation results of the
KPCAimpute algorithm and compare it to that of BPCA
and LLSimpute. A summary is presented in section IV.

II. Methods

A. Least squares-based imputation and LLSimpute
A linear regression model for microarray imputation can

be stated as follows,

g = Gw + e, (1)

where g represents an (N × 1) gene expression, G is an
(N ×M) expression matrix whose columns correspond to
various genes and rows to experiments, w is an (M × 1)
coefficient vector and e is an (N × 1) vector representing
noise. The underlying assumption is thus that a gene can
be expressed as a linear combination of a set of peer genes.

Without loss of generality, we assume that the first n
elements of g, denoted by gn, are missing. The rest of the
vector g is denoted by gp. Similarly, the expression matrix
G can be divided into two sub-matrices, Gm correspond-
ing to an (n×M) matrix, and Gp an (N −n)×M matrix.
Therefore, the linear regression model with missing entries
can be stated as[

gn

gp

]
=
[

Gn

Gp

]
w + e. (2)
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The vector w is determined by solving the least squares
problem,

w = arg min
w

||gp − Gpw||2 = (GT
p Gp)−1GT

p gp. (3)

The missing values are then estimated by

ĝn = Gnw. (4)

The LLSimpute is an implementation of equations (3)
and (4), except that the matrix G is composed of near-
est neighborhood genes of g measured by the Euclidean
distance or Pearson’s correlation coefficients [3]. One dis-
advantage of LLSimpute, however, is that the optimal
number of neighbors is determined by a “heuristic” search
which increases the computational cost of the algorithm.

B. Linear PCA-based imputation and BPCA

The LLSimpute can be generalized by using principal
component analysis (PCA). The singular value decompo-
sition of the covariance matrix C = GGT is

C = VΛVT , (5)

where columns of V, denoted by vl, are called eigenvec-
tors, and diagonal elements of Λ, denoted by λl are called
eigenvalues of C. The principal axes of G are given by

ul =
√

λlvl, (6)

where l= 1· · ·L indicate the indices of the L largest
eigenvalues (L ≤ N). Other axes corresponding to small
eigenvalues are considered to be the noise in the input
matrix G. Denote Ĝ as the principal components of G,
which is the projection of G onto the principal axes. Thus
we can approximate the original observation G by Ĝ,

Ĝ = UT G, (7)

where columns of U are the principal axes ul. After finding
the regressors Ĝ, the regression coefficients can be decided
in a similar manner as in equations (3) and (4), where G
is replaced by the counterpart Ĝ.

A further generalization is to use the Bayesian approach
with PCA. The method is called BPCA. The main idea of
the BPCA algorithm is to specify the probability density
funtions (pdf) about the coefficients vector w. In practice,
the pdf are chosen as i.i.d. zero-mean Gaussian distribu-
tions, i.e., wi ∼ N(0, 1

αi
) where 1

αi
is the variance and

αi is called a hyper-parameter of the model. The hyper-
parameters in the pdf are estimated by using evidence
maximization [8]. Under such a probability model, once
the hyper-parameters are determined, the pdf of w are also
determined. For example, a very large value of αi results
in a prior for wi which is sharply peaked at zero. The
value of wi can be regarded as zero. This simply leads to a
regressor with wi being absent from the model. Therefore,
using a Bayesian PCA model, the presence or absence of
a principal component is governed by the corresponding
hyper-parameter estimated from the training data.

1) Kernel PCA in the input space: We review the
standard PCA from the kernel function point of view.
A kernel function defined in the input space is the inner
product of the input G. It is an (M × M) matrix

K = GT G, (8)

while the covariance matrix C = GGT is the result of
the outer product of G. It has been pointed out [9] that
if the eigenvectors and eigenvalues of K are known, then
the principal components of the observation matrix G can
be easily obtained. Indeed, suppose the matrix K has the
singular value decomposition

K = ŨΛ̃ŨT , (9)

we can easily show that the normalized eigenvectors cor-
responding to the L largest eigenvalues of C are given by

U = GŨΛ̃− 1
2 . (10)

Thus, the principal components of G can be obtained by

Ĝ = UT G = Λ̃− 1
2 ŨT GT G, (11)

which results in the same form as equation (7).

C. Feature Space Kernel PCA imputation

1) Kernel PCA in the feature space: In this paper,
we assume that the missing values may not necessarily
depend on observed genes in a linear manner, but rely on
a nonlinear regression of peer genes instead. This leads to
the following model,

g = Φ(G)w + e, (12)

where Φ(G) denotes a nonlinear mapping from the input
space χ (G ∈ χ) to the feature space � (Φ(G) ∈ �). This
model can be regarded as a generalization of equation (1)
which is the underlying model for both the BPCA and
LLSimpute. A difficulty in equation (12) is that we do not
explicitly know the funtion Φ(�) in practice. This problem
is avoided by using the so-called “kernel trick” [5].

We can understand a kernel matrix as the inner product
in the feature space

K = ΦT (G)Φ(G). (13)

Note that in practice the kernel matrix K is conveniently
defined in the input space. In fact, the matrix K can be
defined in many different ways subject to the Mercer’s
condition [5]. Once K is known, then the underlying
nonlinear mapping Φ(G) is also known.

Performing standard PCA on the kernel matrix,

K = ÛΛ̂ÛT , (14)

we can derive similar results as in subsection II-B.1. All we
need to do is to replace G by Φ(G). Similar to equation
(10), the principal axes of Φ(G) are given by

Y = Φ(G)ÛΛ̂− 1
2 . (15)
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Thus, the principal components of Φ(G) are given by

Φ̂(G) = YT Φ(G) (16)

= Λ̂− 1
2 ÛT ΦT (G)Φ(G) (17)

= Λ̂− 1
2 ÛT K. (18)

Equation (18) clearly illustrates that the principal compo-
nents in feature space can be explicitly expressed by the
kernel matrix K, its eigenvectors Ũ and its eigenvalues Λ̃,
although the nonlinear function Φ(�) is not given.

2) Kernel PCA imputation: In the proposed KPCAim-
pute algorithm, we replace the regressors from the features
Φ(G) by its counterpart Φ̂(G),

g = Φ̂(G)w + e. (19)

The regression coefficients can be decided in a similar
manner as in equations (2) ˜ (4):[

gn

gp

]
=
[

Φ̂(Gn)
Φ̂(Gp)

]
w + e. (20)

The least squares estimate of w is now given by

w = [Φ̂T (Gp)Φ̂(Gp)]−1Φ̂T (Gp)gp. (21)

So, the missing values can be estimated by

ĝn = Φ̂(Gn)w. (22)

III. Results

A. Microarray Datasets and Measurement

Two microarray datasets are used in evaluating the
performance of KPCAimpute algorithm. The first dataset
(Dataset A) is provided along with BPCA software [4]
with the size of 758 genes and 50 samples. The second
dataset (Dataset B) is a breast cancer microarray from
Stanford Microarray Database (SMD) (http://genome-
www5.stanford.edu), with 1213 genes and 49 samples.

To evaluate the effectiveness of different methods, miss-
ing values are artificially introduced into an original mi-
croarray matrix G. The result of an imputation algorithm
is another expression matrix of the same size, denoted
by G∗. The quality of the imputation method is then
measured by using the normalized root mean squared error
(RMSE) defined as follows

RMSE =

(∑M
m=1

∑N
n=1(G(n,m) − G∗(n,m))2∑M
m=1

∑N
n=1 G2(n,m)

) 1
2

,

(23)
where G(n,m) and G∗(n,m) are the nth element in the
mth gene of G and G∗, respectively. Each time missing
values are randomly introduced to the dataset.
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Fig. 1. Performance of KPCAimpute w.r.t. Dataset A

B. The Kernel Functions

We consider the heavy-tailed kernels with elements de-
fined as

Kij = exp(−ρ

N∑
n=1

||[gi(n)]a − [gj(n)]a||p), (24)

where gi(n) and gj(n) are the nth elements of the ith and
jth genes in the observation matrix G (i, j = 1 · · ·M). The
parameter a can be simply understood as a remapping
of the input, but not in terms of kernel products. As
illustrated in [10], a does not affect the dimension but
may improve robustness. We use the SVM kernel methods
toolbox [11] to generate kernel functions. The parameter
ρ is set to 1 in the software by the renormalization of the
input data, and a ≤ 1 and p ≤ 2 according to [11]. In
particular, we use a Laplacian kernel [11], where a = 0.5
and p = 1, and a heavy-tailed radial basis function (rbf)
kernel [11], where a = 0.5 and p = 2. It is apparent that
when a = 1 and p = 2, the kernel is a Gaussian kernel.

C. Performance Evaluation

In the experiments, we sample the two microarrays in
sizes of 600 genes. We run the algorithms 20 times, where
for each run the data is sampled from a different part of
the original datasets. The RMSE result for each algorithm
is therefore the average. As mentioned above, three kernel
functions are evaluated for KPCAimpute, including heavy-
tailed rbf kernel, Laplacian kernel and Gaussian kernel.
The performaces of the three KPCAimpute are compared
with those of the BPCA and LLSimpute. We set the
number of principal axes L = M −1 for KPCAimpute and
BPCA imputation, if we do not have a prior knowledge on
the datasets, as used in [4]. Fig. 1 shows the performance
evaluation of the algorithms with respect to Dataset A,
while Fig. 2 shows that with respect to Dataset B.
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Fig. 2. Performance of KPCAimpute w.r.t. Dataset B

It can be seen from Fig. 1 that the KPCAimpute
outperforms the LLSimpute when the missing percentage
increases (greater than 8%, say). And the KPCAimpute
shows comparative performance to that of the BPCA.
Among the three kernel functions, the Gaussian KPCAim-
pute performs best for Dataset A, comparing to the other
two kernel PCA imputations. In Fig. 2, we see that the
KPCAimpute algorithms can outperform both the BPCA
and LLSimpute. For Dataset B, the Laplacian kernel and
Gaussian kernel are both promising kernel functions to use.

In TABLE I, we present the standard deviations (STD)
of the RMSE results of different imputation algorithms
when 2% missing values are applied to Dataset B. It can
be seen that the KPCAimpute algorithms outperform the
BPCA and are similar to the LLSimpute in terms of pre-
diction stability, but avoiding the heuristic computation
procedure of the LLSimpute.

TABLE I

The standard deviations of the RMSE results for Dataset B

Gauss Laplace Heavy-tailed BPCA LLSimpute

RMSE 0.1893 0.1899 0.1899 0.2509 0.1920
STD 0.0061 0.0061 0.0062 0.0749 0.0060

In addition, the computational scalability of the KP-
CAimpute was investigated. Fig. 3 shows the computation
time versus the number of genes in Dataset B, where Gaus-
sian kernel is used and 2% missing values are applied in the
algorithm. The computational cost can be approximated
by a slow increasing curve in quadratic-like form.

IV. Summary

In this paper, we study the kernel PCA based im-
putation algorithms for microarray data analysis. It is
a generalization of the standard PCA imputation. The
advantage of the KPCAimpute is that it explores the fea-
tures of the observed data and uses them as regressors in
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Fig. 3. Computational Scalability of KPCAimpute Algorithm

estimating missing values. The KPCAimpute outperforms
the LLSimpute when the missing percentage increases.
The performance of the KPCAimpute is similar to or
better than that of BPCA. The Gaussian kernel shows
effective performance in the KPCAimpute. In summary,
KPCAimpute is a promising method and a good alterna-
tive to BPCA in microarray missing data estimation.
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